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Abstract
Orbifold compactifications of 10D heterotic strings do allow different sets of chiral fermions
at different fixed points. Even if the effective 4D theory is anomaly free by including the bulk
fermions, there arise abelian and nonabelian fixed point anomalies from these chiral fermions.
As the underlying string theory is well defined these localized fixed point anomalies of the chiral
fermions are to be cancelled by a variant of the Green-Schwarz mechanism.
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I. INTRODUCTION
In the present note we would like to report on the observation of a peculiar type of
anomaly cancellation in the framework of orbifold compactification [1, 2] of the heterotic
E8×E
′
8 string theory. As an example we consider an orbifold model with quantized Wilson
lines [3] and SU(3)c×SU(3)w×U(1)
4×SO(12)′×U(1)
′2 gauge group, which was previously
discussed in the literature [4]. The anomalies of chiral fermions localized at fixed points (3-
branes) do not cancel locally on the branes, but only globally when the higher dimensions
are integrated out. This happens for abelian as well as nonabelian anomalies. Local anomaly
cancellation must be guaranteed by a generalization of the Green-Schwarz mechanism [5].
Anomalies represent interesting restrictions in quantum field theory. It is usually assumed
that a consistent theory should not be subject to gauge anomalies. The best argument in this
direction is probably the fact that a family of quarks and leptons in the SU(3)×SU(2)×U(1)
standard model represents a set of chiral fermions where all gauge anomalies (including
mixed gauge and gravitational anomalies) cancel. In a more general setup (as string theory)
the absence of anomalies is usually obtained as a consequence of quantum consistency (e.g.
modular invariance) of the theory. Nontrivial illustrative examples of such a cancellation
are orbifold compactifications where the chiral fermions in the twisted sectors (required by
modular invariance) cancel the anomalies of the states from the untwisted sector. Moreover,
one of the most exciting arguments in favor of string theory has been an elaborate mechanism
of anomaly cancellation discovered by Green and Schwarz [5]. In d = 10 it led to the nearly
unique choice of gauge group SO(32) or E8 × E8. In the effective low energy d = 10 field
theory this mechanism crucially depends on the antisymmetric tensor field BMN
1 , its field
strength
H = dB + ωYM − ωL (1)
with Chern-Simons terms
ωYM = Tr
(
AF −
2
3
A3
)
, (2)
ωL = Tr
(
ωR−
2
3
ω3
)
1 We adopt the following notation: capital indices (M,N, . . .) label all dimensions, greek indices (µ, ν, . . .)
the uncompactified ones and lower case latin indices (m,n, . . .) are used for internal, compactified direc-
tions.
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and
dH = TrF 2 − TrR2, (3)
as well as a specific counterterm ∫
B ∧ I8, (4)
where I8 is a polynomial in F
2 and R2 terms [5]. This term gains particular importance
in case of the (apparent) presence of anomalous U(1)A gauge groups in the effective d = 4
theory, as the so-called model independent axion Bµν provides a Higgs mechanism for the
“anomalous” gauge boson [6, 7, 8].
As string theories are formulated in higher dimensions (d = 10), there is the possibility
that chiral fermions (and anomalies) might be localized at lower dimensional spaces (branes,
fixed points). In fact, anomalies can appear in branes of even space-time dimension. In the
framework of the d = 11 M-theory picture this is nicely illustrated in the heterotic E8 ×E8
M-theory of Hor˘ava and Witten [9, 10]. The orbifolding procedure of the 11th dimension
leads to (gravitational) anomalies at the d = 10 boundaries, which require the presence of
E8 gauge supermultiplets. The generalization of the Green-Schwarz mechanism involves in
this case the three-index antisymmetric tensor CMNO and its field strength
G = dC + · · · . (5)
The generalization of the Green-Schwarz-polynomial (4) is partially obtained through the
term ∫
C ∧G ∧G (6)
in the action of d = 11 supergravity. In the Hor˘ava-Witten picture this leads to a nontrivial
background (see formula (2.19) of [10])
GMNOP ∼ ǫ(x
11)F 2 (7)
and
dG11MNOP ∼ δ(x
11)F 2. (8)
We are interested in related questions for a d = 4 theory embedded in a higher dimensional
space-time. If one starts in a field theoretic example with e.g. d = 5 space-time, one can
obtain chiral fermions from an orbifolding procedure (as in the case d = 11→ d = 10 above).
Gauge anomalies could appear at the orbifold fixed points, but not in the 5 dimensional bulk
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[11]. Such a picture is common in orbifolds of d = 10 heterotic E8×E8 string theory as well.
As the simplest example consider the Z3-orbifold of [1] with gauge group SU(3)×E6 ×E
′
8,
an untwisted sector with 3(3, 27) chiral matter fields and 27 twisted sectors with matter
content (1, 27) + 3(3¯, 1) each. The anomalies of the 81 triplets of SU(3) in the untwisted
sector are cancelled by the anti-triplets in the twisted sectors. Moreover, the contributions
to the anomalies are localized at the fixed points and the 3(3¯, 1) at each fixed point cancel
the contribution of the untwisted sector 1
N
· 3(3, 27), where N = 27 is the number of fixed
points. The anomalies are thus cancelled locally at each fixed point. In the present note
we want to analyze several questions concerning this local cancellation of anomalies. Is this
the rule or the exception? Is it a property of nonabelian anomalies or does it apply to the
abelian case as well?
We got interested in these questions because of the recent research in higher dimensional
(mostly d = 5) field theory models of the so-called brane world scenario. Primarily due
to phenomenological motivations one considers matter fields localized at various places, i.e.
on branes or in the higher dimensional bulk. It was observed that in the case of U(1)
gauge symmetry, localized Fayet-Iliopoulos terms and anomalies [12, 13] at d = 4 fixed
points could appear, even if the integrated anomaly vanishes. It was realized that local
counterterms could cancel these localized anomalies [14, 15, 16]. Formally this all seems to
be consistent (as e.g. explained in [17, 18]), but it remains the question whether this is the
correct way to look at the problem, and if yes, what is the physical origin of the counter
terms. Localized anomalies and Fayet-Iliopoulos terms in fact were found to be at the origin
of instabilities [19] of the classical background, responsible for the localization of some bulk
fields at the corresponding branes, rendering the counter term unphysical through explicit
cancellation [20].
II. 4D GAUGE ANOMALY FROM 10D GREEN-SCHWARZ TERM
Answers to these questions could come from embedding the models in string theory with
its elaborate cancellation of anomalies. The Green-Schwarz term in (4) plays here the most
prominent role. To illustrate this, let us consider the E8×E
′
8 heterotic string and the gauge
group part of (4), where we consider the first E8 only
SGS1 = c
′
∫
B(TrF 2)2, (9)
and where c′ is a string theory constant. Then, we can rewrite the above term after two
dimensional integration in the internal direction m,n of Bmn as
SGS1 = 2c
′ × (aabb) + 4c′ × (abab), (10)
where2
(aabb) =
∫
d4xd4y a ǫijklµνρσF aijF
a
klF
b
µνF
b
ρσ (11)
(abab) =
∫
d4xd4y a ǫijklµνρσF aijF
b
klF
a
µνF
b
ρσ (12)
and a ≡
∫
dymdynBmn is a function of the residual eight coordinates (x, y). Here, since we
consider the wrapping with Wilson lines, F aij and F
a
kl are assumed to be functions of (y
i, yj)
and (yk, yl), respectively. On the other hand, F bµν is understood to be a function of 4D
space-time. Then, the GS term becomes, after integrating by parts
SGS1 = 2c
′
∫
d8x ǫijklµνρσ
[
(−∂iaA
b
j + iaf
bdeAdiA
e
j)F
a
kl
+ (−∂kaA
b
l + iaf
bdeAdkA
e
l )F
b
ij
]
F cµνF
c
ρσ
+ 4c′ × (bcbc) (13)
where f bde are the group structure constants. With various background fields for F , A and B
in extra dimensions this might lead to counterterms that might be of relevance for anomaly
cancellation in the d = 4 theory, as e.g. in d = 5
SCS = −
c
64π2
∫
d 4xd yǫ(y)ǫMNPQRA
MFNPF PQ. (14)
In the orbifold case the singularity would be of the domain wall type (quite similar to the
result (7) in the Hor˘ava-Witten-picture). If we consider (9) and background fields that differ
at various locations in the higher dimensional theory, one might then also expect various
possibilities for anomaly cancellation at various fixed points.
2 x = 0, . . . , 3; y = 4, . . . , 9
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Another simple example can be found starting from d = 6 with∫
B ∧ F ∧ F. (15)
For the Z3 orbifold compactification of a 6D theory, the relevant singularity is the string
type, and the 6D GS-type interaction (15) would give a 2D anomaly after the two di-
mensional integration, corresponding to the internal directions k, l of Bkl. In this case,
another 2D integration (i, j),
∫
dxidxj (i,j=1,2), together with the space-time integration∫
dxµdxν(µ, ν = 0, 7) constitute a 4D integration,
∫
d4x. Indeed, this situation has been
discussed [18] in 4D with an axion field a, which corresponds to our
∫
dyidyjBij. With the
unit axion decay constant and U(1) field strength Fµν , the action becomes
Seff =
e2
32π2
∫
d4xaǫijµνF
ijF µν . (16)
Eq. (16) seems to be gauge invariant, but it is not with the axionic string background [18],
and might therefore be relevant for anomaly cancellation.
Let us now return to the heterotic string in d = 10 and show, in an instructive example,
that such a mechanism is needed in heterotic string theory. The model is a Z3 orbifold with
two Wilson lines as given in [4]. We shall try to present here a non-technical description
of the model and shall relegate a detailed discussion to a future publication. We therefore
concentrate on the nonabelian gauge groups only and suppress the (although interesting)
discussion of the various U(1) factors.
III. STRING ORBIFOLD MODEL
The shift vectors and the two Wilson lines are given by
v = (1
3
1
3
2
3
1
3
1
3
2
3
0 0) (0 0 0 0 0 0 0 0)
a1 = (0 0 0
1
3
1
3
2
3
1
3
1
3
) (1
3
1
3
1
3
1
3
0 0 0 0) (17)
a3 = (0 0 0 0 0 0 0
2
3
) (1
3
1
3
1
3
1
3
1
3
1
3
1
3
1
3
).
The 4D gauge group is G = SU(3)c×SU(3)w×SO(12)
′, where we omitted the U(1) fac-
tors. Since SO(12) does not have anomalies, we focus on the SU(3)c×SU(3)w anomaly only.
The untwisted sector (or bulk) has the following chiral fermion spectrum with multiplicity
3 due to Z3,
UT : (3∗c , 1), (1, 3
∗
w) (18)
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with c, w representing the group. The nine sets of fixed points3 are labelled by
T0 : v
T1 : v + a1
T2 : v − a1
T3 : v + a3
T4 : v − a3
T5 : v + a1 + a3
T6 : v + a1 − a3
T7 : v − a1 + a3
T8 : v − a1 − a3.
The chiral fermions at each fixed point are
T0 : (3c, 3w), 3(3
∗
c , 1), 3(1, 3
∗
w)
T1 : (3∗c , 1), (1, 3w)
T2 : (3c, 1), (1, 3
∗
w)
T3 : (3c, 1), (3
∗
c , 1), (1, 3w), (1, 3
∗
w)
T4 : (3c, 1), (3
∗
c , 1), (1, 3w), (1, 3
∗
w)
T5 : (3c, 1), (3
∗
c , 1), (1, 3w), (1, 3
∗
w)
T6 : (12)′
T7 : (3c, 1), (1, 3w)
T8 : (3c, 1), (3
∗
c , 1), (1, 3w), (1, 3
∗
w),
where we omitted singlets. Since the representation is exactly symmetric under c ↔ w,
we consider the anomaly only for one SU(3), for example SU(3)c. Note that fermions from
T3, T4, T5, T6 and T8, respectively, do not give nonabelian gauge anomalies. At these fifteen
fixed points the bulk fermion anomaly for SU(3)c is
Abulk = −
3
27
Q, (19)
3 The multiplicity 3 at each fixed point is understood.
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where we considered the multiplicity 3 and the equal distribution of the bulk fermion anomaly
between the 27 fixed points. With Q we denote the standard anomaly contribution from an
SU(3) triplet
Q = −
1
32π2
Tr({ta, tb}t)ǫ
µνρσF aµνF
b
ρσ. (20)
The 9 fixed points, shown as T i(i = 0, 1, . . . , 8), have the multiplicity 3. The fixed point
fermion contributions are −Q,Q and Q at each fixed point of class T1, T2 and T7, respec-
tively, and zero at the other fixed points. Thus, the anomalies localized at the fixed points
are
T0 : −
1
9
Q, T1 : −
10
9
Q, T2 : +
8
9
Q
T3 : −
1
9
Q, T4 : −
1
9
Q, T5 : −
1
9
Q (21)
T6 : −
1
9
Q, T7 : +
8
9
Q, T8 : −
1
9
Q.
We see here explicitly that these localized anomalies need a nontrivial cancellation
through a generalization of a Green-Schwarz [5] or inflow [18] mechanism. A detailed discus-
sion is beyond the scope of this paper and will be relegated to a future publication, where
we also present additional explicit examples.
IV. CONCLUSIONS
It remains to be seen whether this appearence of localized fermions has implications
for models of particle physics, that try to generalize the standard model of strong and
electroweak interactions. One might hope, that these nontrivial examples of orbifolds of the
heterotic string might be of help understanding (orbifold) compactifications of the d = 11
theory of Hor˘ava and Witten. Some attempts in this direction have been made [21, 22], for
a detailed discussion see [23]. We might also hope to see a connection to compactifications
of Type I string theory or Type II orientifolds. Recently there has been a discussion of
localized U(1) anomalies in this framework [24, 25].
A possible relation to the mechanism of anomaly cancellation in M-theory compactifica-
tions on manifolds of G2 holonomy [26] is less apparent, because there the singularities have
to be more severe than those of the orbifold fixed points considered here.
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